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1 What is a sequence? 


Exercise 1 
Consider the finite sequence (a,)?_, with 
terms 


1.2.2.1 1 
99°39 4q95° 


(a) Write down the value of ag. 


(b) For which value of n is an = +? 


(c) Is there a value for ag? Explain your 
answer. 


(d) Write down a closed form for the 
sequence. 


Exercise 2 


For each of the sequences specified by the 
following closed forms and ranges of values 
of n, find the first three terms and the tenth 
term. 


(a) dn =— (n=1,2,3,...) 

(b) db, =n—4 (n=7,8,9,...) 

(c) eo (m= cs) 

(d) dn =5n—3 (n=0,1,2,...) 

(e) en ={-3)” (n=0,1,2,...) 

(E) fn ==3" (w= 0,1, 2...) 
gS Set) (n= 2,3,4,...) 


Exercise 3 


(a) For each of the following closed forms, 
write down a closed form 


bn =... (n=0,1,2,...) that specifies 
the same sequence. 

G) an= w (mE l2 3e) 

(ii) an = 5 (n = 1,2,3,...) 

(iii) an =(-1)” (n=1,2,3,...) 

(v) i, =2a—1: (ee 1,2,3) 


(b) For each of the following closed forms, 
write down a closed form 
bn =... (n=1,2,3,...) that specifies 
the same sequence. 


(i) an=Tn+n? (n=0,1,2,...) 
Gi) an =3"! (n=0,1,2,...) 
— =Q l 2er 
(ii) an= P02) 
(iv) an =6-—2n (n=0,1,2,...) 


(c) For each of the sequences (an) given by 
the following closed forms, write down a 
closed form bn =... (n =0,1,2,...) 
that specifies the same sequence. 

(i) an=(n-—1)(n+1) (n=2,3,4...) 


(ii) an =O." (n= 10,11,12) 


Exercise 4 


For each of the following recurrence systems, 
find the first five terms of the sequence 
specified. 


(a) ay = —5, Gn =n #5 (n= 2,3,4,... 

(b) 9 =0, by=2hm1+1 (n=1,2,3,.. 

(c) co = 100, Ca = Gf 50 (w= 1,23 
2 

(d) d dy = (n = 2,3,4,...) 
dai 


Exercise 5 


Find the first three terms specified by each of 
the following closed forms and ranges of 
values of n. 


1 
(a) an= 3 Ca Dern) 
1 
(b) bo = 1, ba (b ae r= 1,238 
n—-1 
(c) Cn = aes 2 (n = 1,2,3,...) 


-) 


) 


-) 


2 Arithmetic and geometric sequences 


Exercise 6 Exercise 10 
Explain why the specification for each of the For each of the following finite arithmetic 
following sequences is incomplete. sequences, find the number of terms in the 
(a) tin Sinin = 1,834) sequence. Hence write down a recurrence 

i system for the sequence. 
(b) bo=4, bn = Bond (a) The sequence with terms 

i 

2, 5, 8, 11, ..., 152. 
(Denote the nth term by zn.) 
Exercise 7 (b) The sequence with terms 
What is wrong with the following recurrence 6, 27 24 21 3 
> Bo Bor m Saeg 


system? 


Denote the nth term by yn. 
Up =1, Un = Tun -10 (n=0,1,2,...) ( i 


Exercise 11 
Find a closed form for each of the arithmetic 
2 Arithmetic and sequences given by the following recurrence 
E systems. Use the closed form to calculate the 
geometric sequences 12th term in each sequence. 


(a) t1 =2, in = yaa (n =2,3; 4) 
(b) y=, Yr=Yr-1t+% (n=2,3,4,...) 
(c) zi = 4.62, Zn = Zn—-1 + 0.35 


Exercise 8 

Which of the following recurrence systems (n = 2,3,4,..., 20) 
define arithmetic sequences? For each (d) uo = 17.5, Un = Un—1 — 2.5 

arithmetic sequence, write down the values of (n = 1,2,3,...) 


the first term a and common difference d. 


(a) y=, te = 2g. M= 2A) 


(b) y =1, Yn =Yn-1— 1 (n =2,3,4,...) Exercise 12 


(c) z% =0, Zn m naaa 1). w= 2s) Which of the following recurrence systems 
define geometric sequences? For each 
geometric sequence, write down the values of 
the first term a and common ratio r. 


(a) a = 2, fn = (än + 1) 


Exercise 9 


For each of the following infinite arithmetic 


sequences, find the values of the first term a (n= 2,3,4,...) 
and common difference d, and write down the (b) yo = 10, Yn = Inm (n = 1,2,3,...) 
corresponding recurrence system. Calculate 2 
the fifth term in each sequence. G A= — (n = 2,3,4,...) 
(a) The sequence (xn) with first four terms Žn—1 

2, —1, —4, —7. 
(b) The sequence (yn) with first four terms 

2 4 8 

3 Br 2 3 
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Exercise 13 


For each of the following infinite geometric 
sequences, find the values of the first term a 
and common ratio r, and write down the 
corresponding recurrence system. Calculate 
the fifth term in each sequence. 


(a) The sequence (£n) whose first four terms 


are 
1, 3, 9, 27. 
(b) The sequence (yn) whose first four terms 
are 
—100, 10, —1, $. 
Exercise 14 


For each of the following finite geometric 
sequences, find the number of terms in the 
sequence. Hence write down a recurrence 
system for the sequence. 


(a) The sequence with terms 
512, 256, 128, 64, ..., $. 
(Denote the nth term by zn.) 
(b) The sequence with terms 


700, 770, 847, 
931.7, ..., 6268.01 (to 2 d.p.). 


(Denote the nth term by yn.) 


Exercise 15 


Find a closed form for each of the geometric 
sequences given by the following recurrence 
systems. Use the closed form to calculate the 
12th term in each sequence. In part (d) give 
your answer correct to three significant 
figures. 


(a) zı = 0.001, To= 3n- M 23A 
(b) yı ==], Yn = —2Yn-1 (n = 2,3,4,... 
(c) 4 = 15625, m= at 


(n = 2,3,4,...,20) 


(d) u= 1, tin = TAG (n=1;2, 3; s) 


Exercise 16 


For each of the following recurrence systems, 
state whether the sequence specified is 
arithmetic, geometric or neither. If the 
sequence is arithmetic or geometric, find the 
closed form. In each case, find the seventh 
term in the sequence. 


(a) 21 = —7, 
(b) yo =0, m =1, 


Tn = tet WH 2 Syd) 


Yn = Yn—-1 + Yn—-2 
ee 


n= nisl (n= 12,8 ).«.) 


3 Graphs and 
long-term behaviour 


Exercise 17 


(a) For each of the following closed forms and 
ranges of values of n, plot a graph for the 
first six terms of the sequence specified. 


G) £n=10-5n (n= 1,2,3,...) 
Gi) yn =7 x21"! (n=1,2,3,...) 


— 
=. 


For the following recurrence relation and 
range of values of n, plot a graph for the 
first six terms of the sequence specified. 


Zn—1 
A= —16, 


(a A 


Ln = 


Exercise 18 


Describe the long-term behaviour of each of 
the sequences given by the following closed 
forms. 


a) un =I — me a= 1,253,224) 
bi teH0 eS" (n= 1,2,3,62) 


Yn =—5(-3)" (n=1,2,3,...) 
n = 2(-7.1)"—7.1 (n=1,2,3,...) 


& 


4 Series 


Exercise 19 


Find the sums of the following arithmetic 
series. 


(a) ee ee ge ce 
(b) 123 + 124 +125 +--+. 4.293 
(c) 45 +43 +41 + +1 


4 Series 


Exercise 24 


Write each of the following sums without 
sigma notation, giving the first three terms 
and the last. 


99 15 
(a) S ar. Am 
n=0 n=2 


5 


(c) X 6n +2) 


n=0 


Exercise 20 


Find the sums of the following geometric 
series. 


(a) 5+45x2+5x2 + +5x2 
(b) 32-16+8-—4+---+4 


Exercise 21 

Find the sums of the following finite series. 
(a) 14+24+34.---+49 
(b) 1424+3+4---+75 
(c) 50+51+52+---+75 
( 

( 


d) 1? +2 +37 +- +25? 
e) 15 +16? +178 +--- +459 


Exercise 22 


For each of the following infinite geometric 
series, determine whether or not it has a sum, 
and find the value of the sum if it exists. 


(a) 5 +5(3) +E GHH + 


O) 2+2) +2 (G7 +219) + 
() $4) 48)? -4 "+ 
(@) 4) + G+)? + G+ 


Exercise 23 


Find the fraction equivalent to each of the 
following numbers. 


(a) 0.171717... 
(c) 2.356 435 643... 


(b) 0.024624624... 


Exercise 25 


Write each of the following sums in sigma 
notation. 


(a) 5+64+7+---4+21 
(b) 1°+2°+3°4---+10° 
(c) 1+2 +33 +. +99 


Exercise 26 


Find the sums of the following finite series. 


55 10 
a Yk (b) SOR? 
k=1 k=1 


Exercise 27 


Find the sums of the following finite series. 
15 22 


3 
(a) Yet) WS (17% - =) 


k=1 k=1 
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Exercise 28 


Where possible find the sums of the following 
series. 


25 
(a) 6+9+412+---+78 (b) X (3k +3) 
k=1 
ODDE = @ SO (8x (-9)*") 
k=1 k=1 
o0 15 
(e) $00.22" (Œ) So (2k? — k) 
k=0 k=5 
(2) Soak (a) 32 ((8)*- (") 


5 The binomial 
theorem 


Exercise 29 


Use the formulas given in Section 5.1 of 
Unit 10 to expand the following brackets. 


(a) (X+2Y)? (b) (1-a)? 
£ 3 

() (@-1)8 u (= +30) 

(e) (—p—q)* 

Exercise 30 


Evaluate the following binomial coefficients 
without using a calculator, and then check 
your answer using a calculator. 


(a) tr (b) 8Co (c) SC) (d) "Ci 
(e) °Ce (£) WCs (g) Cog 


Exercise 31 


Use the binomial theorem to find the first 
four terms in the expansion of each of the 
following expressions. 


(a) (x-1) (b) (2x +3y)® 
(c) (2a—b)® (a) (2—4h)° 
Exercise 32 


(a) Find the coefficient of x°y? in the 
expansion of (x — y)®. 


(b) Find the coefficient of a? in the expansion 
of (1+ 2a)’. 


(c) Find the coefficient of g°h® in the 
expansion of 


(29 — 4h)”. 


(d) Find the coefficient of y? in the expansion 


of 
9\ 16 
(v-Z) - 
Y 


(e) Find the coefficient of xy? in the 
expansion of 


(+8. 


Exercise 33 


Consider the expansion of 


Find the coefficient of a”°. 


Find the coefficient of a~!9. 


(a) 
(b) 
(c) Find the constant term. 
( 


d) Show that there is no term in a?. 


Solutions to exercises 


Solution to Exercise 1 

(a) az denotes the third term in the 
sequence, so a3 = ż. 

(b) The term 4 is the fifth in the sequence, so 
if an = $, then n = 5. 


(c) The sequence is defined for values of n 
between 1 and 5, so ag does not exist in 
this case. 


(d) A closed form for the sequence is 


(n = 1,2,3,4,5). 


ty = — 
n 


Solution to Exercise 2 
3x1 


=n? +5n—6 
= (n+ 6)(n — 1) 
G) bpas 2 


gn-2 
n— 1 


n—1+2 
n— 1 


(iii) bp = 


Solutions to exercises 


bn = T(n —1) + (n-1)? 


(n =1,2,3...) 


(n = 1,2,3...) 


= (n=1,2,3...) 


n+1 

(iv) b, =6-—2(n—-1) 
=6-2n+4+2 

=8- 2n 


(n=1,2,3...) 


bn = (n+2—1)(n+24+1) 


= (n+ 1)(n+3) (n=0,1,2,...) 
W s e 
=0 1 HO 12d 


Solution to Exercise 4 


(a) a= 


—5, a2 = @ı +5 = 0, 


a3 = @2 + 5 = 5, a4 = a3 + 5 = 10, 


a5 = a4 +5 = 15. 


(a) ay = 5) => 3. ag = 5) = 3, 
3x3 3 x 10 
a3 = 5) = 3, aio = 5) = 15. 
(b) b7=7-—4=3, bg =8-4=4, 
bo = 9 — 4 = 5, big = 16 — 4 = 12. 
| 1 2 E i 
G ag aan 
__3 _3 an _,; 
a 349 8 ~ ya 8 
(d) do = 5 x 0 — 3 = —3, d =5x1-3=2, 


dg =5x2-3=7, dg = 5 x 9 — 3 = 42. 


(HE = (-8)° = 1, e1 = (-3)' = -3, 

€2 = (—3)? = 9, eg = (—3)? = —19 683. 
(f) fo =—3°=-1, fı =-3' = -3, 

fo = —3? = -9, fo = —3° = —19 683. 


Solution to Exercise 3 
(a) (i) t= +1 (n=0,1,2,...) 


G po 
n+1+1 

n+l 

n+2 (n ce ae | ) 


(üi) h=(—1"" (n =0,1,2,...) 
(iv) b,=2(n+1)-1 
=2n+1 (n=0,1,2,...) 


(b) bo = 0, bi = 2 x bb +1=1, 
bg = 2 x bı +1 = 3, b3 = 2 x bo +1=7, 
b4 = 2 x b3 +1 = 15. 
(c) co = 100, Cı = Co — 50 = 50, 
C2 = C1 — 50 = 0, c3 = c2 — 50 = —50, 
c4 = cz — 50 = —100. 
@) GH =/h= 2 E = 1, 
120d = 2, de =) =. 
Solution to Exercise 5 
(a) a3 = į, 44 = $, 45 = $. 
1 1 ; 
(b) byt Dt Sag 2, Be re 
0 1 
1 1+1 2 2+1 
ie aah = 
2 2 
3 3+1 
o= EID g, 


Solution to Exercise 6 


(a) When a sequence is specified using a 


recurrence relation such as 


an = 4an_ 1 — 3, we need to know the 


value of the first term. 
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(b) The subscript range is missing, so we 
don’t know the range of values of n for 
which the recurrence system holds. 


Solution to Exercise 7 


The value of ug is specified, so the recurrence 
relation should define each of the subsequent 
terms, u1, U2,U3,..., as a function of the term 
before. Hence, since the left-hand side of the 
recurrence relation is un, the range of values 
of n for the recurrence relation would 
normally be n = 1,2,3,..., not n =0,1,2,.... 


Solution to Exercise 8 


(a) This sequence is not arithmetic because 
the expression on the right of the 
recurrence relation is not in the form 
In—1 +d. Instead, the term zn—1 is 
multiplied by 2. 


(b) This sequence is arithmetic, with 
parameters a = 1 and d= —1. 


(c) This sequence is arithmetic, with 
parameters a = 0 andd=1. 


Solution to Exercise 9 


(a) The first term is a = 2 and the common 
difference d = —1 — 2 = —3. So the 
recurrence system is 


r= 2, t= tnam (w= 2,3,4,....)) 


The fifth term is 
z5 = z4 — 3 = —7 — 3 = —10. 


(b) The first term is a = 2 and the common 


difference d = 4 — 2 2, So the 


recurrence system is 


m=  m=mit (n=2,34,...). 


The fifth term is 
u=Mtzs=atga 


Solution to Exercise 10 


(a) For this sequence the first term is 2, the 
last term is 152 and the common 
difference d is 5 — 2 = 3. Hence the 
number of terms in the sequence is 


naa 2 pasi 


The corresponding recurrence system is 


(n = 2,3,4,...,51). 


(b) For this sequence the first term is 6, the 
last term is —3 and the common 


difference d is = —-6= -3, Hence the 
number of terms in the sequence is 
3—6 
+1=16 


The corresponding recurrence system is 


yi = ô, Yn = Yn-1 — È 


(n = 2,3,4,...,16). 


Solution to Exercise 11 


(a) Since a = 2 and d = —3, the closed form 
is 


te =a = Ld 
= 2—-3(n-1) 
=5=3m (eS L23): 
The 12th term is 
tj =0— 3 XxX 12 = -—31. 
(b) Since a = 2 and d = % 
Yn = $+ 3(n—-1) 
=2n (n=1,2,3,...). 
The 12th term is 


, the closed form is 


y2 = 2x 12=8. 


(c) Since a = 4.62 and d = 0.35, the closed 
form is 


Zn = 4.62 + 0.35(n — 1) 
=0.35n +4.27 (n=1,2,3,...,20). 

The 12th term is 
zia = 0.35 x 12 +4.27 = 8.47. 


(d) In this case, the first term is ug not u1 so 
the alternative closed form is used. Since 
a = 17.5 and d = —2.5, the closed form is 


Un =a +nd 
= 1752 5n (n=0, 2): 
The 12th term is 
uy = 17.5 — 2.5 x 11 = —10. 


Solution to Exercise 12 


(a) The sequence (£n) is not geometric 
because the expression on the right of the 
recurrence relation is not of the form 
TLn—1- 

(b) The sequence (yn) is geometric, with 
parameters a = 10 and r = —. 

(c) The sequence (zn) is not geometric 
because the expression on the right of the 
recurrence relation is not of the form 
T2Zn—1- 


Solution to Exercise 13 


(a) The first term is a = 1 and the common 
ratio is r = 3/1 = 3. So the recurrence 
system is 

a a a ee 

The fifth term is 
%=3xX%=3 x 27=81. 


(b) The first term is a = —100 and the 
common ratio is r = 10/(—100) = —-=. 


ry =1, 


10 
So the recurrence system is 
Yn-1 
= —100 n=— 
Yı ’ y 10 
(= 2,84 ein) 
The fifth term is 
ae S i 
Y5 = -i0 To: 


Solution to Exercise 14 


(a) Suppose that the sequence has N terms, 
with first term zı = 512. Then the last 
term is £y = z. The common ratio is 


2 T2 = 256 4 
a, 512 7 
Now the last term is obtained from 
IN = art, 
so 
x 
aa. ee 
Tı 
that is, 
1 
Gyr ee eee | 
2 12 4096 ° 


a 


Solutions to exercises 


Taking the natural logarithm of both 
sides of this equation gives 


(N — 1)In (3) = In (agg) » 


from which 

In(1/4096) 
In(1/2) 

Hence there are 13 terms in the sequence. 

The corresponding recurrence system is 


N=1+ = 13. 


xı = 512, 
(n = 2,3,4,...,18). 


Suppose that the sequence has N terms, 
with first term yı = 700. Then the last 
term (to 2 d.p.) is yy = 6268.01. The 
common ratio is 


— Y2 770 


£ =I 
yı 700 
Now the last term is obtained from 
YN = yrs}, 
so 
r-i = YN 
yı 
that is, 
ie 
700’ 


where yy = 6268.01 (to 2 d.p.). Taking 
the natural logarithm of both sides of this 
equation gives 


(N — 1)In1.1 = In(yw/700), 


from which 


In(yn /700) 

Indl. - 
Substituting the approximate value 
yn = 6268.01 into this equation gives 


N = 23.999 997.... 


N=1+ 


(This non-integer outcome for N arises 
from the fact that the value of yy is not 
exact.) 


Hence there are 24 terms in the sequence. 
The corresponding recurrence system is 


yi = 700, Yn = 1.lyn-1 


(n = 2,3,4,...,24). 
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Solution to Exercise 15 


(a) Since a = 0.001 and r = 3, the closed 
form is 
En = ar”! 
= 0.001 x3”! (n =1,2,3,...). 
The 12th term is 
tie = 0.001 x 3 = 177.147. 


(b) Since a = —1 and r = —2, the closed form 
is 


i) een (eal 2 3]: 
The 12th term is 

yig = —(—2)"* = 2048. 

(c) Since a = 15625 and r = żŁ, the closed 

form is 

zn = 15625 (2)"™* 

(n = 1,2,3,...,20). 

The 12th term is 


212 = 15625 (1) = she. 


(d) In this case the first term is uo not u1, so 
the alternative closed form is used. Since 
a = 1 and r = 1.1, the closed form is 
Un = ar” 
=1x11"=11" (n=0,1,2,...). 
The 12th term is 
iy = = 2.85 (to 3 s.f.). 


Solution to Exercise 16 


(a) This is a geometric sequence with first 
term a = —7 and common ratio r = —1. 
The closed form is 


fy = —7(-1)""" 
=7(—1)” (n=1,2,3,...). 
The seventh term is 
r7 = 7T(—1) = -7. 


This is neither an arithmetic nor a 
geometric sequence. Each new term is 
formed by the sum of the previous two 
terms. 


— 
= 


The sequence continues 
0; 1 l; 25-3). Dy 8, lr 2hy wie, 


so the seventh term is 8. This sequence is 
known as the Fibonacci sequence. 


10 


(c) This is an arithmetic sequence with first 


term a = 0 and common difference 
d = —1. The first term is zo rather than 
z1, so the closed form is 
zn =O0+(-1) xn 
=-n (n=0,1,2,...). 


The seventh term is z = —6. 


Solution to Exercise 17 
(a) (i) The first point to be plotted is 


(1,21) = (1,5). The second point is 
(2, x2) = (2,0). The subsequent 
points are (3,—5), (4, —10), (5, —15) 
and (6, —20). The graph is as 
follows. 


(ii) The first point to be plotted is 
(1,91) = (1,7 x 2.1°) = (1,7). 
The second point is 
(2, y2) = (1,7 x 2.17) = (2, 14.7). 


The subsequent points (to 1 d.p.) 
are (3, 30.9), (4, 64.8), (5, 136.1) and 
(6,285.9). The graph is as follows. 


Unk 
300-5 
2504 
2004 
1504 
1004 

504 


(b) The first point to be plotted is 
(1, 21) = (1, -16). The second point is 
(2,22) = (2-2) = (2,8). 
The subsequent points are (3, —4), (4,2), 
(5,—1) and (6, z). The graph is as 
follows. 


are 
w- 
e- 
oe 
os 
Sy 


Solution to Exercise 18 


(a) The sequence (un) is arithmetic with 


common difference d = —1. Since d < 0, 
the sequence is decreasing and un — —oo 
as n > ©. 


(b) Since 3 > 1, the sequence (3”) is 
increasing and 3” —> oo as n + co. To 
obtain (vn) we multiply each term by the 
positive constant 9. Hence (vn) is 
increasing and vj —> co as n — oo. 


(c) Since 0 < 0.1 < 1, the sequence (0.1") is 
decreasing and 0.1” > 0 as n > co. 
Hence the sequence (0.1 x 0.1") is also 
decreasing with limit 0. To obtain (wn) 
we add 18 to each term in this sequence, 
so (wn) is decreasing and wn — 18 as 
n — o. 


(d) Since 5.3 > 1, the sequence (5.3”) is 
increasing and 5.3” + œ as n > co. To 
obtain (zn) we multiply each term by the 
negative constant —3. Hence (£n) is 
decreasing and £n — —oo as n > œ. 


(e) Since —1 < -$ < 0, the sequence 
n . . 
((-3) ) alternates in sign and 
(-4)" — 0 as n-— co. To obtain (yn) 
we multiply each term by the negative 
constant —5. Hence (yn) also alternates 


in sign and y, —> 0 as n > co. 


(£) Since —7.1 < —1, the sequence ((—7.1)”) 
alternates in sign and is unbounded. 
Multiplying each term by the positive 
constant 2 and subtracting 7.1 does not 
affect this behaviour, so (zn) also 
alternates in sign and is unbounded. 


Solutions to exercises 


Solution to Exercise 19 


In each case we use the expression 
$n (2a + (n — 1)d) 


for the sum of the series, where a is the first 
term, d is the common difference and n is the 
number of terms with 

_ last term — first term 

~ common difference 
(a) Here a = 1, d = 3 and 


= 
n=% +1 = 23. 


Hence the sum is 
i x 23 x (2x 1+ (23-1) x 3) 
= 4 x 23 x 68 
= 782. 


(b) Here a = 123, d=1 and 
223 — 123 


= —W—— +1= 101. 
n I + 


Hence the sum is 
3 x 101 x (2 x 123 + (101 — 1) x 1) 
= $ x 101 x 346 
= 17473. 


(c) Here a = 45, d= —2 and 


_ 1-46 E 
n = C2) +1=23. 
Hence the sum is 
$ x 23 x (2 x 45 + (23 — 1) x (—2)) 
=} x 23 x 46 
= 529. 


Solution to Exercise 20 


(a) Each term in the series has the form 

5 x 2"-!. Therefore, the first term is 

a = 5, the common ratio is r = 2 and the 

number of terms is n = 8. Hence the sum 

is 

n 8 
ad= ala) L. 

l-r 1-2 


11 
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(b) The terms of the series form a geometric 
sequence with closed form 


En = 32(-2)""" (n=1,2,3,...,7). 


(The last term is obtained by multiplying 
32 by -4 six times, so the number of 
terms is n = 7). The first term is a = 32 


and the common ratio is r = —4. Hence 
the sum is 
a-r) _ 32(1-(-4)’) 
129/4 
= -377 
43 
T 


Solution to Exercise 21 


(a) The formula for the first n natural 
numbers is 


1 
1+2+3+: +n = znin +1). 
Here n = 49, and so 


1424+3+4+-:--4+49= ; x 49 x 50 
= 1225. 
(b) We use the same formula as in part (a). 
Here n = 75, and so 
L+2+3++04 75 = ; x 75 x 76 
= 2850. 
(c) Using the results of parts (a) and (b) 
gives 
50+ 51+52+---4+ 75 
=(1424+34---+75) 
~(1424+3+4---+49) 
= 2850 — 1225 
= 1625. 


(d) The formula for the squares of the first n 
natural numbers is 


12492432 4...4n? 
= Šn(n + 1)(2n +1). 
Here n = 25, and so 
1? +2 +3? +. +25? 
= 5 x25 x 26 x 51 
= 5525. 
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(e) The sum can be written as 
15° + 16° + 17° +--+ 45° 
= (18 +2 +33 +. + 45°) 
=(15 + 27 +33 +....4 143), 
The formula for the cubes of the first n 
natural numbers is 


1? +2 43% +---+n2 = antn +1). 
So 

15° + 16° + 17° +--- 445° 

= + x 457 x 467 — $ x 14? x 157 

= 1071225 — 11025 

= 1060 200. 


Solution to Exercise 22 


(a) This is an infinite geometric series with 
first term a = 5 and common ratio r = 
Since —1 < r < 1, the series has a sum, 
namely 


1 
z- 


a 5 25 


bep 2° 3 


(b) This is an infinite geometric series with 
first term a = 2 and common ratio r = 
Since r > 1, the series does not have a 
sum. 


5 
T 


(c) This is an infinite geometric series with 
first term a = z and common ratio 
r= —ł. Since —1 < r < 1, the series has 


a sum, namely 


2 
7- 


AIN)NIE 


(d) This is an infinite geometric series with 


3 ; 
first term a = (4) and common ratio 


r= į. Since —1 <r < 1, the series has a 
sum, namely 


Solution to Exercise 23 


(a) 


Let s = 0.171 717.... The repeating 
group, ‘17’, is 2 digits long, so multiply s 
by 102, to obtain 


100s = 17.171717... = 17 +s. 


Hence 99s = 17 and s = a. 
So 


0.171717... = x. 


Let s = 0.024624624.... To deal with 
the zero after the decimal point, multiply 
s by 10 to give 


10s = 0.246 246 246.... 
The repeating group, ‘246’, is 3 digits 
long, so multiply each side by 10°, to 
obtain 
10 000s = 246.246 246 246... 
= 246 + 10s. 


Hence 9990s = 246 and s = at = = wh. 
So 


0.024624624...= 45. 


Let s = 0.356 435 643 .... The repeating 
group, ‘3564’, is 4 digits long, so multiply 
s by 104, to obtain 


10 000s = 3564.356 435 643... 
= 3564 + s. 


Hence 9999s = 3564 and s = a= = 3. 
So 


2.356 435643... = 2 + 25 = #8. 


Solution to Exercise 24 


(a) 


99 
X (n+1)=1+2+3+--- +100 
n=0 
15 


(c) 


n=2 
5 
X (Sn +2) =24+74+12+---4+27 
n=0 


Solutions to exercises 


Solution to Exercise 25 


21 
(a) ea 
(b) 15 +25 +35 pee +105 = ye 


(ce) De 2? eg +- 


Solution to Exercise 26 


(a) Using J k = n(n + 1), we have 
k=1 


55 
XO k= į x 55 x (55 + 1) = 1540. 
k=1 
Using De- n(n + 1)(2n + 1), we 
have 
10 
XO k? = % x 10 x (10+ 1) x (2x 1041) 
k=1 
=%x 10x 11x 21 
= 385. 


Solution to Exercise 27 


) Using Se=} n(n+1 


we iie 


15 
X (k+6)= AO 
kel 


a tbc T 
= 120+ 90 
= 210. 


) Using 3 k = n(n + 1) and 


3 k? = tn?(n + 1)7, we have 


22 k3 22 22 
`> (r- =) =17) k- 4) K’ 
k=1 k=1 k=1 


= 17 x $ x 22 x 23 


1 1 2 2 
=a Xq x22 x 23 


= 4301 — 5819 
= —1518. 


) and ` l=n, 
k=1 
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(c) We have 
12 12 6 
S "(3 + 2k) = 50 (3 + 2k) — X (3 + 2k) 
k=7 k=1 k=1 
Now 
Bk 


12 12 
S°(3+2k)=35°14+2S 0k 
k=1 k=1 k=1 
=3x124+2x $x 12x13 


= 36 + 156 
= 192. 


Similarly, 


6 6 6 
S$ "(84+ 2k) =35°1425 k 
k=1 k=1 k=1 
=3x6+2x4x6x7 
= 18+ 42 
= 60. 
Hence 
12 


XC (3 + 2k) = 192 — 60 = 132. 
k=7 


Solution to Exercise 28 


(a) This is a finite arithmetic series with first 
term a = 6, common difference d = 3 and 
number of terms 

n= T +1 = 25. 
3 
So the sum of the series is 


En(2a =i 


1 
z X 25 x (2 x 6 + (25 — 1) x 3) 
= 1050. 


(b) This is the same series as in part (a), with 
first term a = 3 x 1 + 3 = 6, common 
difference d = 3 and number of terms 
n = 25. So the sum of the series is 1050. 


(c) This is an infinite geometric series with 


1 
first term a = (—32) = -3 and common 
3 


ratio r = =r: 


Since —1 < r < 1, the series has sum 
ao 
3 
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(d) This is an infinite geometric series with 
23 IE 3 
first term a = 3 X (—32) = 7 and 
common ratio r = —3. Since -l <r < 1, 


the series has sum 


3 
7: 


einfa 


rA 


(e) This is an infinite geometric series with 
first term a = 0.2 and common ratio 
r = 2. Since r > 1, the series doesn’t have 
a sum. 


(£) This is a finite series composed of the 
standard series 


De = dal n+1)(2n +1) and 


2 k = n(n + 1). We have 
15 15 
XO (2h? — k) = 5 (2k? — k) 


k=5 k=1 
4 


-X (2k? — 


Now 
15 
D-9 -Yk 
k=l 
1 2 ai ioa 
-44x15x16 
= 2480 — 120 
= 2360. 
Similarly, 
4 4 
(2k? — k) =2 2 k? — 3 k 
k=1 
=2x 1 x 4x ; x 9 
1 
= XAXI 
= 60-10 
= 50. 
Hence 
15 
S| (2k? — k) = 2360 — 50 = 2310. 
k=5 


(g) This is an infinite arithmetic series with 
first term a = 3 x 1 = 3 and common 
difference d = 3. An infinite arithmetic 
series has a sum only when the first term 
and common difference are both zero, so 
this series doesn’t have a sum. 


(h) Using the rules for manipulating series 
gives 


CLO Os Cee ow 


k=1 k=1 k=1 
These are infinite geometric series with 
a=r= 4 anda=r= i; respectively. In 
both cases, —1 < r < 1 so the sum is 
given by a/(1 — r). Hence 


DOO) -r 


k=1 


Solution to Exercise 29 
(a) Using the formula 
(a +b)? = a? + 2ab +b’? 
and substituting a = X and b = 2Y gives 
(X +2Y} =X? +2X x 2Y + (2Y)? 
= X? +4XY +4Y?, 
(b) Using the formula 
(a +b)? = a? + 2ab + b’ 


and substituting a = 1 and b = —a? gives 
(1—a3)* =174+2x 1x (a 
=1-2a°+a°. 


(c) Using the formula 
(a +b)? = a? + 3a7b + 3ab° + b’ 
and substituting a = x and b = —1 gives 
(@= 1p 
= x° + 3x?(—-1) + 3x(—1)? + (-1)? 
= r’ — 3z? 432-1. 


Solutions to exercises 


(d) Using the formula 
(a +b)? = a? + 3a7b + 3ab? + b? 


and substituting a = 2/3y and b = 3y 
gives 


r’ z’ 


== + + Ory + 27y’. 
y 


(e) Using the formula 
(a + b)* = a* + 4a3b + 6a7b? + 4ab? + 04 
and substituting a = —p and b = —q gives 
(—p — q)* 
= (—p)* + 4(—p)°(—q) + 6(—p)?(—¢)? 
+ 4(—p)(—q)* + (~q) 
= p + 4p°q + 6p°q? + 4pq° + 4. 
Solution to Exercise 30 
(a) Using 


n! 


Cr = k! (n — k)! 


we have 


10x9x8x7x6 
f) OG = 2 OF eT _ 959 
(f) 5x4x3x2x1 


101 x 100 


= 5050 
2x l 


(g) ae SA = a OF = 
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Solution to Exercise 31 


(a) By the binomial theorem with n = 7, 
a = x and b = —1, the first four terms in 
the expansion of (x — 1)’ are 


r’ + "Gye" (—1) + "Oo? (—1)? 
+ TCzz*(—1)? 
7X65 7x6x5 4 
a Bh 
= g’ —7x® + 212° — 3527. 
(b) By the binomial theorem with n = 6, 


a = 2x and b = 3y, the first four terms in 
the expansion of (2x + 3y)® are 


(2x)° + °C, (2x)? (3y) + °C2(2x)*(3y)? 
+803 (2x)? (3y)? 


= 642° + 6 x 25 x 3x ay 

6x5 
toy 
6x5x4 

A 

= 642° + 576x°y + 2160xty? + 432027 y°. 


= z’ — 776 + 


x 24 x 3? x rty? 


23 x 3° x ay? 


(c) By the binomial theorem with n = 9, and 
with a replaced by 2a and b replaced by 
—b, the first four terms in the expansion 
of (2a — b)? are 
(2a)? + °C (2a) (—b) + °C2 (2a) (—b)? 
+°C3(2a)°(—b)* 


= 512a? — 9 x 28 x a®b + 
9x8xT 
=— = X 
3! 
= 512a? — 2304a8b + 4608a7b? — 5376a°%b?. 


(d) By the binomial theorem with n = 8, 
a = 2 and b = —tk, the first four terms in 


9x8 
2! 


26 x ab’ 


x2 xab? 


the expansion of ( — tp)? are 


8x7 2 
= 256 — 8 x 2” ($) k + aX 2° (3) k 
8 as ga (1)? k? 


= 256 — 512k + 448k? — 224k°. 
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Solution to Exercise 32 
(a) By the binomial theorem with n = 8, 
a = x and b = —y, each term in the 
expansion is of the form 
5 * aa)" = 8Op(—1)F r8 Ey". 
The term in x°y? is obtained when k = 3. 
Hence the coefficient of x°y° is 
8C3(—1)° = 56 x (—1) = —56. 


(b) By the binomial theorem with n = 7, 
a = 1 and b = 2a, each term in the 
expansion is of the form 


Op) TE (2a) = Op x 2a". 
The term in a? is obtained when k = 2. 
Hence the coefficient of a? is 

7) x 2? = 21x 4 = 84. 


(c) By the binomial theorem with n = 12, 
a = 2g and b= —th, each term in the 
expansion is of the form 


12.0), (2g)2—* e k 
= 12Cpọ x 2127F (1) pakk 
5 : 


The term in g®h® is obtained when k = 6. 
Hence the coefficient of ghê is 


120, x 26 (—4)° = =a. 


(d) By the binomial theorem with n = 16, 
a = y and b = —2/y, each term in the 
expansion is of the form 


I 
= 
a 

Q 
— 
N 
S 
> 
< 
ja 
T 
> 
= 
> 


The term in y? is obtained when 
16 — 2k = 2, which gives k = 7. Hence 
the coefficient of y? is 
16C7(—2)7 = 11440 x (—2) 
= —1 464 320. 


(e 


) By the binomial theorem with n = 5, 
a = x and b = y/z, each term in the 
expansion is of the form 


k 
CaF (4) = Opx- (4-1) k yk 
eo 


5 Opa Er Ey" 
= BC gb Phy k 
The term in xy? is obtained when k = 2 


(giving the power of x as 5— 2k = 1). 
Hence the coefficient of xy? is 


°C, = 10. 


Solution to Exercise 33 


By the binomial theorem with n = 10, and 
with a replaced by a? and b replaced by 
—2/a?, each term in the expansion is of the 
form 


(a 


3 \ E 
10C, (q3)10-# (-3) 


3k /.—2\k 
— UG ee a 3k (a 2) 
= 100), (2) q30-3kg—2k 
= Oa 
) The term in a?° is obtained when 
30 — 5k = 25, which gives k = 1. Hence 
the coefficient of a?” is 
10C1(—2)* = 10 x (—2) = —20. 


) The term in a~!° is obtained when 
30 — 5k = —10, which gives k = 8. Hence 
the coefficient of a~!° is 


O,(—2)® = 45 x 28 = 11520. 


(c) The constant term is the term in which 


the power of a is zero. This is obtained 
when 30 — 5k = 0, which gives k = 6. 
Hence the constant term is 


1C—(—2)° = 210 x 2° = 13 440. 


For a term in a”, we need 30 — 5k = 2. 
The solution to this equation is not an 
integer, so there is no term in a?. 


YS 


Solutions to exercises 
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